ABSTRACT In this paper, a distributed consensus problem is considered for high-order discrete-time multi-agent systems subject to non-convex input constraints and switching topologies. A constrained control algorithm is provided to drive all agents to reach consensus on their position states. It proves that this algorithm is robust to the arbitrarily bounded time delays as long as the communication topologies jointly have spanning trees. Finally, we show the effectiveness of the proposed distributed algorithm by a numerical example.
I. INTRODUCTION
In the past few decades, consensus problems for multi-agent systems have attracted much research interest within the control community [1] - [21] . For example, articles [1] and [2] studied asynchronous consensus problems of continuous-time multi-agent systems with discontinuous information transmission, and showed that the communication delays can be arbitrarily bounded. Moreover, [3] proposed control algorithms to deal with the consensus problems for double-integrator dynamics in four cases. [4] was devoted to the distributed optimization problem of multi-agent systems with non-convex velocity constraints, nonuniform position constraints and nonuniform step-sizes. However, existing results are mostly based on the assumption that the inputs of each agent are non-constraint and can be freely designed. In practical situations, this assumption is unrealistic and the inputs of each agent usually need to lie in certain constraint sets. The consensus problem with constraints has been studied in the recent literature [5] - [10] . For example, [7] introduced a projection-based algorithm to realize consensus of the discrete-time multi-agent systems
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with the inputs of each agent lying in convex sets. [9] extended the results in [7] to deal with communication delays, showing that the designed projection-based algorithm is robust to arbitrarily bounded delays. For saturation constraints, [5] , [6] , [8] , [10] provided an analysis approach on the constrained problem using a Lyapunov approach in the case of continuous-time dynamics, undirected communication graphs and hypercube input-constrained sets. [11] studied a distributed velocity-constrained consensus problem for discrete-time multi-agent systems, where each agent's velocity is constrained to lie in a non-convex set. [12] extended the result of [11] to the case that second-order multi-agent systems are subject to non-convex velocity and control input constraints. However, only the first-order and second-order multi-agent systems have been discussed in these papers. These results cannot be directly applied to high-order multiagent systems subject to switching topologies and time delays due to the more complicated coupling of the states.
In this paper, we are interesting in studying the consensus problems for high-order multi-agent systems with non-convex input constraints. High-order multi-agent systems with non-convex input constraints can find applications in many real systems. For example, the missiles are powered by sustainer motors and steered by attitude control thrusters.
The attitude control thrusters on both sides of the missiles can be launched in any direction to change the direction of missiles. Thus the region formed by the driving forces in all directions is non-convex. Most of the works on the consensus problems for high-order multi-agent systems concentrated on the unconstrained case. For example, [13] , [14] and [15] proposed some consensus algorithms based on neighboring information with fixed and switching topologies. However, input constraint and communication delay were not considered in these papers. In this paper, we generalize the results of [7] , [9] , [11] , [14] , [16] - [20] to the high-order multi-agent systems with non-convex input constraints, communication time-delays and switching topologies. A distributed consensus problem is considered for high-order discrete-time multi-agent systems subject to non-convex input constraints and switching topologies. A constrained control algorithm is provided to drive all agents to reach consensus on their position states. It is proved that the proposed algorithm is robust to the arbitrarily bounded time delay as long as the communication topologies jointly have spanning trees. Compared with [13] , where the agent dynamics has no constraints, the systems dynamics considered here contains nonlinearity due to the non-convex set and the system matrices contains some time-varying parameters that might tend to zero, which might lead to that the union of graphs have no spanning trees. This makes the analysis approaches in [13] unable to be applied directly in this paper.
Notations: I m denotes the m × m identity matrix; Z + denotes the set consisting of all positive integers; R m denotes the real vectors of dimension m; X T denotes the transpose of X ; ⊗ denotes the Kronecker product; x denotes the standard Euclidean norm of a vector x; [L] ij denotes the ijth entry of matrix L; 1 denotes a column vector with each entry being one; 0 denotes a column vector or a matrix with each entry being zero; For square matrix A, diag {A} denotes the diagonal matrix with diagonal entries
II. PRELIMINARIES
In this section, we give some basic knowledge on graph theory and nonnegative matrices (referring to [21] - [23] ).
Let G = (V, E, A) be a directed graph, where V = 
A directed graph is said to be strongly connected if there exists a directed path from every node to every other node. A directed graph is said to have spanning trees if there exists at least one node that has a directed path from it to any other node. Given C = [c ij ] ∈ R n×r , we say C ≥ 0 if all its entries c ij ≥ 0, and C > 0 when all its entries c ij > 0. Further, we define C ≥ Q if C − Q ≥ 0, and C > Q if C − Q > 0. A matrix C ∈ R n×n is said to be stochastic if it satisfies the condition C ≥ 0 and C1 = 1.
III. MODEL AND PROBLEM STATEMENT
Consider a high-order multi-agent system composed of n agents. Let a direct graph denote the communication links between agents. L(kT ) denotes the Laplacian of the communication network G at instant kT , where k ∈ Z + , and T > 0 is the sampling time. I = {1, 2, · · · , n}. For simplicity, all ''kT '' are replaced by ''k'' in what follows. Suppose that the state variables of the ith agent with lth derivative dynamics are given by
where
i is the jth derivative of X i with the initial condition X (0)
In practical applications, the control inputs of all agents can not be arbitrarily designed and are usually subject to some constraints. In this paper, we assume that the inputs need to remain in a constraint set U i (i = 1, · · · , n,), which introduced in the following assumption.
The operator S U i (·) is used to find the largest vector S U i (x) ∈ U i where S U i (x) has the same direction with x, satisfying that S U i (x) ≤ x and γ S U i (x) ∈ U i for ∀0 ≤ γ ≤ 1. The upper bound ρ i implies that the distance from any point in the constrained set U i to the origin is upper bounded. The lower bound ρ i implies that the distance from any point outside U i to the origin is lower bounded by a positive constant. (See Fig.1 for illustrations) Under the constraint that u i (k) ∈ U i for all i ∈ I, our main aim is to design an algorithm for all agents to reach formed mathematical consensus on their position states. The definition of consensus is that there exists a constant vector x such that lim k→∞ X (0)
For simplicity, this paper only discusses the case of m = 1. The case of m > 1 can be analyzed in a similar way.
IV. MAIN RESULTS
In this section, we address the stability of high-order discretetime multi-agent systems (1) with switching topologies and communication time-delays. First, the following algorithm is proposed for high-order agent-system (1):
Here, τ max denotes the maximum communication time delay from agent s j to agent s i at the position state and a ij (k) denotes the edge weight of (s j , s i ).
Define
for all k ≥ 0. In particular, when [X 
Based on the definition of the constraint operator S U i (·) in Eq.(3), we have
Let
The system matrix can be rewritten as
Using (2), the system matrix of this multi-agent network can be rewritten in the form as
where L 0 (k) = diag {L(k)}, and the ijth entry of Q m (k) (m = 0, 1, · · · , τ max ) is either zero or equal to the weight of the edge (s j ,
Then it is easy to see that
where E i ∈ R l×l for all i ∈ I.
To use the property of the non-negative matrix, another model transformation is needed. Here we define T . By some simple computations, it is easy to see that (k) is a block matrix of
Then the system can be rewritten in the form as
where i, j = 1, 2, · · · , l −1 and d max denotes the largest entry of L(k).
A. REMARK2
By substituting b i (k) = and hence
Before performing consensus analysis on the system (8), we first introduce some necessary lemmas.
B. LEMMA1
Under condition (9), (k) is a stochastic matrix.
Proof: From the form of the matrix (k), we only need to prove that the sum of the last row is equal to 1. It is clear that
By some computations, it is easy to see that the sum of the first row in ϒ −1 is equal to 1 while the sums of other rows in ϒ −1 are equal to 0, since the first column of ϒ is 1.
From the definition of (k), we have
[ (k)] 1l 1 = 1. Hence, the first row sum of (k) is equal to 1. By observing the form of the matrix (k), each row sum of (k) is equal to 1. Moreover, the condition (9) guarantees that each element of (k) is non-negative. Thus it is easy to see that (k) is a stochastic matrices.
According to the definitions of X i (k), (k) and (k), we have
and
It follows that
and hence
Thus,
Under the condition (9), it can be proved that the matrices E i and (k) are both non-negative. From the property of stochastic matrices, we have that ϕ(k, s) ≥ U c for a constant U c and all k > s > 0.
E. LEMMA3
Suppose that the system matrix is a bounded matrix, and there exists an infinite time sequence k 0 , k 1 , k 2 , . . . , k s such that k 0 = 0, 0 < k s+1 − k s ≤ T for all s and a bounded integer T , the union of the graphs (G(k s ), G(k s + 1), . . . , G(k s+1 − 1)) has at least one directed spanning tree. All agents reach consensus on their position states exponentially as k → +∞ while the inputs remain in the constraint set.
V. THEOREM
Under Assumption 1, for the high-order multi-agent system (1) with algorithm (2), all agents reach consensus on their position states while the inputs are constrained in a non-convex constraint set. i (k) = 0 for all i ∈ I and j ∈ {1, 2, 3, . . . , l − 1}. This completes the proof.
VI. NUMERICAL EXAMPLE
Consider a three-order discrete-time system consisting of 8 agents. Fig.2 gives four ddifferent directed networks of this proposed system. It is clear that there is no spanning tree in these graphs. Each edge weight is assumed to be 0.5. The input of each agent is constrained to lie in the nonempty set for all i. We can adopt two points A amd B as shown in Fig.3 . It is clear that the convex hull of the points A and B is not a subset of the defined set U i . So the set is non-convex. The time-delay for the edges (2,3) , (5, 6) in G a is T s and for the edges (1,2) and (4, 5) and (6, 7) in G b is 2T s and for the edges (3,4) and (7, 8) in G c is 3T s and for the edges (4,5) To satisfy condition (9), we take 1 = 2 = 1. Then by some calculations, it can be obtained that (p (1) i , p
i ) = (8, 10). Clearly, condition (9) is satisfied. Fig.4-Fig.7 show the simulation results of the three-order multi-agent system (1) with algorithm (2) . It can be observed that all agents eventually reach a consensus while their inputs remain in a non-convex constraint set, which is consistent with Theorem.
VII. CONCLUSIONS
In this paper, a distributed consensus problem was considered for high-order discrete-time multi-agent systems subject to non-convex input constraints and switching topologies. A constrained control algorithm was provided to drive all agents to reach consensus on their position states. It was proved that this algorithm is robust to the arbitrarily bounded time delay as long as the communication topologies jointly have spanning trees.
